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DefinitionsDefinitions

�� A A recurrence relationrecurrence relation for a sequence for a sequence 
F(n), nF(n), n∈∈N, is an equation of the formN, is an equation of the form

�� F(n)=F(n)=ΦΦ(n, F(n(n, F(n--1), F(n1), F(n--2),...F(0))2),...F(0))

�� A solution for the recurrence relation is a A solution for the recurrence relation is a 
formula for F(n) that only depends on n.formula for F(n) that only depends on n.

�� A A linearlinear recurrence relation is of the formrecurrence relation is of the form

�� F(n)=cF(n)=c11(n)F(n(n)F(n--1)+c1)+c22(n)F(n(n)F(n--2) 2) 
+...c+...cnn(n)F(0)+(n)F(0)+φφ(n)(n)

�� If If φφ(n) is missing, then the relation is called (n) is missing, then the relation is called 
homogeneoushomogeneous..
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DefinitionsDefinitions

�� A A first orderfirst order recurrence relation depends recurrence relation depends 
only on n and F(nonly on n and F(n--1). 1). 

�� A A second ordersecond order relation depends on n, relation depends on n, 
F(nF(n--1), F(n1), F(n--2). Third order is defined 2). Third order is defined 
similarly and so on...similarly and so on...

�� For a recurrence relation of first order we For a recurrence relation of first order we 
must know F(0) (or F(1) or wherever the must know F(0) (or F(1) or wherever the 
sequence starts from).sequence starts from).

�� For a recurrence relation of second order we For a recurrence relation of second order we 
need to know F(0) and F(1) and so on.need to know F(0) and F(1) and so on.
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Computational EfficiencyComputational Efficiency

�� F(1)=1, F(2)=2, F(n)=F(nF(1)=1, F(2)=2, F(n)=F(n--2)2)--nFnF(n(n--1)1)
long F(long n)long F(long n)

{{

if (n<=2)if (n<=2)

return n;return n;

elseelse

return F(nreturn F(n--2)2)--n*F(nn*F(n--11););

}}

// Exponential complexity. // Exponential complexity. 

// Lots of repetition// Lots of repetition
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long F(long n)long F(long n)

{{

if (n <= 2)if (n <= 2)

return n;return n;

long long F_nF_n=2, F_n_1=1, =2, F_n_1=1, 

F_n_2;F_n_2;

for (for (ii=3; =3; ii<=n; ++<=n; ++ii) {) {

F_n_2 = F_n_1;F_n_2 = F_n_1;

F_n_1 = F_n_1 = F_nF_n;;

F_nF_n = F_n_2 = F_n_2 –– n*F_n_1;n*F_n_1;

}}

return return F_nF_n;;

}}
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ExamplesExamples

�� A5 aA5 a)) F(1), F(8), F(t), F(nF(1), F(8), F(t), F(n--1), 1), 
F(F(√√n).n).

�� bb) F(n) = (F(n) F(n) = (F(n--1))1))2 2 -- 3 F(n3 F(n--3)3)

�� F(t), F(nF(t), F(n--1), F(n+3), F(1), F(n+3), F(n/2n/2))

�� A7A7) F(0)=2, F(n) = (F(n) F(0)=2, F(n) = (F(n--1))1))22--3 F(n3 F(n--1)1)

�� Find F(4).Find F(4).

�� A9 aA9 a) F(n) = F(n) F(n) = F(n--1)+1/(n(n+1))1)+1/(n(n+1))

�� Verify the solution: F(n) = Verify the solution: F(n) = αα+n+n/(n+1)/(n+1)

�� bb) F(n) = 4F(n) F(n) = 4F(n--1)+12F(n1)+12F(n--2)2)

�� Solution: F(n) = Solution: F(n) = αα((--2)2)nn++ββ 66nn
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ExamplesExamples

�� A11A11) Find solutions for) Find solutions for

�� aa) F(0)=1, F(n)=n F(n) F(0)=1, F(n)=n F(n--1)1)

�� bb) F(0)=0, F(1)=) F(0)=0, F(1)=--1, 1, 

�� F(n) = F(n) = --2F(n2F(n--1)1)--F(nF(n--2)2)

�� A13A13) Order, linear, homogeneous?) Order, linear, homogeneous?

�� aa) F(n)=) F(n)=(F(n(F(n--1))1))22--3F(n3F(n--3)3)

�� bb) F(n)=F(n) F(n)=F(n--1)+2F(n1)+2F(n--2)+3 (2)2)+3 (2)nn--11

�� cc) F(n)=(F(n) F(n)=(F(n--1)+F(n1)+F(n--2))/22))/2

�� dd) F(n)=(F(n) F(n)=(F(n--1)+1)/21)+1)/2
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More ExamplesMore Examples

�� A13fA13f))

�� A15A15. Given the function F from ex. A3, . Given the function F from ex. A3, 
what's wrong with the following what's wrong with the following codecode::

for (for (intint k=1; k<=10000; ++k)k=1; k<=10000; ++k)

coutcout << "F(" << k <<")="<< "F(" << k <<")="

<< F(k) << << F(k) << endlendl;;

 )1!lg(1
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Linear Homogeneous RR Linear Homogeneous RR 
with Constant Coefficientswith Constant Coefficients

�� Theorem B1 (Superposition)Theorem B1 (Superposition). . 
Suppose that F(n)=g(n) and Suppose that F(n)=g(n) and 
F(n)=h(n) are two solutions for F(n)=h(n) are two solutions for 

�� F(n)=cF(n)=c11(n)F(n(n)F(n--1)+c1)+c22(n)F(n(n)F(n--2)+ ... + 2)+ ... + 
ccnn(n)F(0)(n)F(0)

�� Then every linear combination of g Then every linear combination of g 
and h is also a solution to the RR:and h is also a solution to the RR:

�� F(n) = F(n) = α α g(n) + g(n) + β β h(n)h(n)

�� Also true for Also true for α α = = β β = 0= 0
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General SolutionsGeneral Solutions

�� Theorem B2Theorem B2. The solution of the . The solution of the 
recurrence relationrecurrence relation

�� F(n)=cF(n)=c11 F(nF(n--1), F(n1), F(n00)=a)=a
�� is the following:is the following:
�� F(n)=F(n)=αα cc11

nn for all nfor all n>>nn00

�� Theorem B3Theorem B3. The solution for the RR. The solution for the RR
�� F(n)=cF(n)=c11 F(nF(n--1)+c1)+c22 F(nF(n--2) 2) 
�� is of the formis of the form
�� aa11(r(r11))

nn+a+a22(r(r22))
nn or (aor (a11+a+a22n)(rn)(r11))

nn

�� where rwhere r11 and rand r22 are the solutions ofare the solutions of
�� rr22=c=c11r+cr+c22
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ExamplesExamples

�� B4B4. Find the solution for:. Find the solution for:

�� F(n)=F(n)=--F(nF(n--1)+2F(n1)+2F(n--2), F(0)=3, F(1)=52), F(0)=3, F(1)=5

�� B5B5. Give the form of the solution for. Give the form of the solution for

�� a) F(n)=5F(na) F(n)=5F(n--1)1)

�� b) F(n)=2F(nb) F(n)=2F(n--1)/31)/3

�� B7B7. Solve the following:. Solve the following:

�� a) F(0)=1, F(n)=2F(na) F(0)=1, F(n)=2F(n--1)1)

�� d) T(0)=3, T(n)=T(nd) T(0)=3, T(n)=T(n--1)/21)/2

C455 Algorithms AnalysisC455 Algorithms Analysis

Examples 2Examples 2ndnd OrderOrder

�� B5B5. Give the form of the solution for. Give the form of the solution for

�� d) F(n)=F(nd) F(n)=F(n--1)+2F(n1)+2F(n--2)2)

�� f) F(n)=f) F(n)=--3F(n3F(n--1)+F(n1)+F(n--2)2)

�� B9B9. Solve the following. Solve the following

�� a) F(1)=2, F(2)=0, F(n)=F(na) F(1)=2, F(2)=0, F(n)=F(n--1)+6F(n1)+6F(n--2)2)

�� c) f(0)=0, f(1)=1, f(n)=f(nc) f(0)=0, f(1)=1, f(n)=f(n--1)+f(n1)+f(n--2) 2) 
(Fibonacci numbers)(Fibonacci numbers)

�� d) A(0)=d) A(0)=--3, A(1)=3, A(j)=6A(j3, A(1)=3, A(j)=6A(j--1)1)--9A(j9A(j--2)2)
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Third Order RRThird Order RR

�� The solution for a RR of the formThe solution for a RR of the form

�� F(n)=cF(n)=c11 F(nF(n--1) + c1) + c22 F(nF(n--2) + c2) + c33 F(nF(n--3)3)

�� is of one of the formsis of one of the forms

�� F(n)= aF(n)= a11(r(r11))
nn+a+a22(r(r22))

nn+a+a33(r(r33))
nn

�� F(n)= (aF(n)= (a11+a+a22n)(rn)(r11))
nn+a+a33(r(r33))

nn

�� F(n)= (aF(n)= (a11+a+a22n+an+a33nn
22)(r)(r33))

nn

�� where rwhere r11, r, r22, and r, and r33 are the solutions are the solutions 
for for 

�� rr33=c=c11rr
22+c+c22r+cr+c33
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Examples 3Examples 3rdrd OrderOrder

�� F(n) = 3 F(nF(n) = 3 F(n--1) 1) -- 4 F(n4 F(n--3)3)

�� F(0) = 4F(0) = 4

�� F(1) = 4F(1) = 4

�� F(2) = 34F(2) = 34
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Linear Nonhomogeneous RRLinear Nonhomogeneous RR

�� Theorem C1Theorem C1. Suppose F(n)=g(n) is a . Suppose F(n)=g(n) is a 
solution for the relationsolution for the relation

�� F(n)=cF(n)=c11(n)F(n(n)F(n--1)+c1)+c22(n)F(n(n)F(n--2) + ... 2) + ... 
ccnn(n)F(0) + (n)F(0) + φφ(n)(n)

�� and suppose that h(n) is a solution forand suppose that h(n) is a solution for

�� F(n)=cF(n)=c11(n)F(n(n)F(n--1)+c1)+c22(n)F(n(n)F(n--2) + ... 2) + ... 
ccnn(n)F(0)(n)F(0)

�� Then F(n) = g(n) + Then F(n) = g(n) + αα h(n) if also a h(n) if also a 
solution for the first RR.solution for the first RR.
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Theorem C2Theorem C2

�� Suppose F(n)=g(n) and F(n)=h(n) are Suppose F(n)=g(n) and F(n)=h(n) are 
solutions for the relationssolutions for the relations

�� F(n)=cF(n)=c11(n)F(n(n)F(n--1)+c1)+c22(n)F(n(n)F(n--2) + ... c2) + ... cnn(n)F(0) (n)F(0) 
+ + φφ(n)(n)

�� F(n)=cF(n)=c11(n)F(n(n)F(n--1)+c1)+c22(n)F(n(n)F(n--2) + ... c2) + ... cnn(n)F(0) (n)F(0) 
+ + ψψ(n)(n)

�� Then F(n)=Then F(n)=α α g(n) + g(n) + β β h(n) is a solution forh(n) is a solution for

�� F(n)=cF(n)=c11(n)F(n(n)F(n--1)+c1)+c22(n)F(n(n)F(n--2) + ... c2) + ... cnn(n)F(0) (n)F(0) 
+ + α α φφ(n) + (n) + β β ψψ(n)(n)
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Theorem C3Theorem C3

�� Suppose F(n)=g(n) and F(n)=h(n) are Suppose F(n)=g(n) and F(n)=h(n) are 
solutions for the same RRsolutions for the same RR

�� F(n)=cF(n)=c11(n)F(n(n)F(n--1)+c1)+c22(n)F(n(n)F(n--2) + ... 2) + ... 
ccnn(n)F(0) + (n)F(0) + φφ(n)(n)

�� The F(n)=g(n)The F(n)=g(n)--h(n) is a solution for h(n) is a solution for 
the homogeneous RRthe homogeneous RR

�� F(n)=cF(n)=c11(n)F(n(n)F(n--1)+c1)+c22(n)F(n(n)F(n--2) + ... 2) + ... 
ccnn(n)F(0)(n)F(0)

C455 Algorithms AnalysisC455 Algorithms Analysis

ExampleExample

�� F(n)=3F(nF(n)=3F(n--1)+4(5)1)+4(5)nn+7+7

�� Decompose asDecompose as

�� F(n)=3F(nF(n)=3F(n--1)+4(5)1)+4(5)nn

�� F(n)=3F(nF(n)=3F(n--1)+71)+7

�� Solutions of the formSolutions of the form

�� F(n)=F(n)=ββ (5)(5)nn and F(n)=and F(n)=γγ (constant)(constant)

�� Use Theorems C2 and C3.Use Theorems C2 and C3.
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General ProcedureGeneral Procedure

a)a) Find the most general solution for Find the most general solution for 
the homogeneous part of the RRthe homogeneous part of the RR

b)b) Find a particular solution for the Find a particular solution for the 
nonhonogeneous RRnonhonogeneous RR

c)c) Add the two to obtain a general Add the two to obtain a general 
solution for the RRsolution for the RR

d)d) Use the initial values for the Use the initial values for the 
sequence to determine the values of sequence to determine the values of 
all the constantsall the constants

C455 Algorithms AnalysisC455 Algorithms Analysis

Polynomial NonH RRPolynomial NonH RR
First OrderFirst Order

�� F(n)=cF(n)=c11F(nF(n--1)+P(n), where P(n) is a 1)+P(n), where P(n) is a 
polynomial.polynomial.

�� Solution:Solution:
–– if c1if c1≠≠1, F(n)=Q(n), where Q(n) is a 1, F(n)=Q(n), where Q(n) is a 

polynomial of the same degree as P(n)polynomial of the same degree as P(n)

–– if cif c11=1, F(n)=Q(n), where Q(n) is a =1, F(n)=Q(n), where Q(n) is a 
polynomial of a degree 1 greater than P polynomial of a degree 1 greater than P 
with with the constant the constant term being 0.term being 0.

�� Examples: a) F(n)=2F(nExamples: a) F(n)=2F(n--1)+2n1)+2n33--5n5n

�� b) F(n)=F(nb) F(n)=F(n--1)+3n    c)F(n)=F(n1)+3n    c)F(n)=F(n--1)+71)+7
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Second OrderSecond Order

�� F(n)=cF(n)=c11F(nF(n--1)+c1)+c22F(nF(n--2)+P(n), where P is a 2)+P(n), where P is a 
polynomial.polynomial.

�� Solution: let rSolution: let r11 and rand r22 be the solutions for be the solutions for 
rr22=c=c11r+cr+c22..

�� If rIf r11≠≠11≠≠rr22, then the solution is Q(n), a , then the solution is Q(n), a 
polynomial of the same degree as P.polynomial of the same degree as P.

�� If one of rIf one of r11 and rand r22 is 1, then the solution is is 1, then the solution is 
Q(n), a polynomial of degree 1 greater than Q(n), a polynomial of degree 1 greater than 
P, constant term in Q being 0.P, constant term in Q being 0.

�� If rIf r11=r=r22=1, then the solution is Q(n), a =1, then the solution is Q(n), a 
polynomial of degree 2 greater than P, polynomial of degree 2 greater than P, 
constant term =0 and coefficient of n=0.constant term =0 and coefficient of n=0.

C455 Algorithms AnalysisC455 Algorithms Analysis

ExamplesExamples

�� C8 C8 

�� a) F(n)=4F(na) F(n)=4F(n--1)+5F(n1)+5F(n--2)+2n2)+2n

�� b) F(n)=b) F(n)=--5F(n5F(n--1)+6F(n1)+6F(n--2)+2n2)+2n

�� c) F(n)=2F(nc) F(n)=2F(n--1)1)--F(nF(n--2)+2n2)+2n

�� C9C9. F(0)=1, F(n)=. F(0)=1, F(n)=--2F(n2F(n--1)+n1)+n--11

�� C11C11. To compute F(n)=. To compute F(n)=ΣΣkk22 for k from for k from 
1 to n, we can express it as1 to n, we can express it as

�� F(n) = F(nF(n) = F(n--1) + n1) + n22
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Theorem C10 (Matching Theorem C10 (Matching 
Coefficients)Coefficients)
�� Suppose we have an equation of the formSuppose we have an equation of the form
�� aakknn

kk+a+akk--11nn
kk--11+... +a+... +a11n+an+a00= b= bkknn

k k +b+bkk--11nn
kk--11+ + 

... +b... +b11n+bn+b00

�� and suppose that the equation is satisfied and suppose that the equation is satisfied 
by an infinite number of values of n. Then by an infinite number of values of n. Then 
aa00=b=b00, a, a11=b=b11,... a,... akk=b=bkk..

�� Similarly, the equationSimilarly, the equation
�� cc11qq11

nn+c+c22qq22
nn+... +c+... +ckkqqkk

nn= d= d11qq11
nn+d+d22qq22

nn+... +... 
+d+dkkqqkk

nn

�� is satisfied by an infinite number of values is satisfied by an infinite number of values 
of n iff all coefficient cof n iff all coefficient cii and dand dii are are 
respectively equal.respectively equal.

C455 Algorithms AnalysisC455 Algorithms Analysis

Exponential NonH Linear RR Exponential NonH Linear RR 
with Constant Coefficientswith Constant Coefficients

�� First OrderFirst Order. F(n)=c. F(n)=c11F(nF(n--1)+dq1)+dqnn

�� If cIf c11≠≠q, F(n)=q, F(n)=γγqqnn

�� If cIf c11=q, F(n)==q, F(n)=γγnqnqnn

�� ExamplesExamples. . 

�� C13 a) F(n)=F(nC13 a) F(n)=F(n--1)+3 21)+3 2nn

�� b) F(n)=2F(nb) F(n)=2F(n--1)+2 31)+2 3nn + 3 2+ 3 2nn
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Second OrderSecond Order

�� F(n)=cF(n)=c11F(nF(n--1)+c1)+c22F(nF(n--2)+2)+dqdqnn

�� Let rLet r11 and rand r22 be the solutions for rbe the solutions for r22=c=c11r+cr+c22..

�� If rIf r11≠≠qq≠≠rr22, then F(n)= , then F(n)= γγqqnn

�� If one of rIf one of r11 and and rr22 is equal to q, then F(n)= is equal to q, then F(n)= γγnnqqnn

�� If If both rboth r11==rr22=q, then F(n)= =q, then F(n)= γγnn22qqnn

�� Note1:Note1: only one value of only one value of γγ will satisfy the will satisfy the 
recurrence relation. It is determined by replacing recurrence relation. It is determined by replacing 
the solution in the RR.the solution in the RR.

�� Note2Note2: We still need to add to this the general : We still need to add to this the general 
solution to the homogeneous part of the equation. solution to the homogeneous part of the equation. 
The coefficients of that part are determined by The coefficients of that part are determined by 
F(0), F(1), etc.F(0), F(1), etc.

C455 Algorithms AnalysisC455 Algorithms Analysis

ExamplesExamples

�� C14 a)C14 a) F(n)=5F(nF(n)=5F(n--1)1)--6F(n6F(n--2) + (2) + (--1)1)nn

�� b)b) F(n)=F(nF(n)=F(n--1)+2F(n1)+2F(n--2) + (2) + (--1)1)nn

�� c)c) F(n)=6F(nF(n)=6F(n--1)1)--9F(n9F(n--2)+1/22)+1/2nn+3+3nn

�� C15C15. F(1)=1, F(2)=2, . F(1)=1, F(2)=2, 

�� F(n)=2F(nF(n)=2F(n--1)+4F(n1)+4F(n--2)2)--5n+2(5n+2(--1)1)n+1n+1
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C17C17

�� Which of these are polynomials and of what Which of these are polynomials and of what 
degree:degree:

�� a) na) n33+3n+3n22--2n+1 2n+1 of nof n

�� b) 3b) 3nn--22nn+1 +1 of nof n

�� c) 2c) 21010 of nof n

�� d) d) √√4n4n22--3n+73n+7 of nof n

�� e) (k+1)/2e) (k+1)/2 of kof k

�� f) f)  (k+1)/2 (k+1)/2  of kof k

�� g) p lg mg) p lg m of m (p is constant)of m (p is constant)

�� h) p lg mh) p lg m of p (m is constant)of p (m is constant)

C455 Algorithms AnalysisC455 Algorithms Analysis

C19C19

�� a) F(n)=3F(na) F(n)=3F(n--1)+3n1)+3n22--2n+12n+1

�� b) F(n)=F(nb) F(n)=F(n--1)+3n1)+3n22--2n+12n+1

�� c) G(k)=G(kc) G(k)=G(k--1)1)--22

�� d) T(n)=(T(nd) T(n)=(T(n--1)+n)/31)+n)/3

�� e) F(n)=3F(ne) F(n)=3F(n--1)1)--2F(n2F(n--2)2)--(n+1)/5(n+1)/5

�� f) g(n)=f) g(n)=--2g(n2g(n--1)+5g(n1)+5g(n--2)2)--4n4n22+6+6

�� g) F(n)=2F(ng) F(n)=2F(n--1)1)--F(nF(n--2)2)--nn33

�� h) M(k)=5M(kh) M(k)=5M(k--1)1)--6M(k6M(k--2)+k2)+k22
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Recurrence Relations in Recurrence Relations in 
n/2n/2 and and n/2n/2

�� D1D1. F(1)=a, F(n) = b F(. F(1)=a, F(n) = b F(n/2n/2))

�� F(n)=bF(n)=b22F(F( n/4 n/4 )=...b)=...bkkF(F(n/2n/2kk))

�� Iterate until Iterate until n/2n/2kk = 1, k= = 1, k= lg nlg n

�� F(n) = a b F(n) = a b lg nlg n

�� D2D2. F(1)=a, F(n)= . F(1)=a, F(n)= b F(b F(n/2n/2) +1) +1

�� Same procedureSame procedure

�� F(n)= a b F(n)= a b lg nlg n+(b +(b lg nlg n --1)/(b1)/(b--1)1)

�� b=1 => F(n)=a+ b=1 => F(n)=a+ lg nlg n

C455 Algorithms AnalysisC455 Algorithms Analysis

More ExamplesMore Examples

�� D3D3. F(1)=a, F(n). F(1)=a, F(n)= = b F(b F(n/2n/2) +n) +n

�� Same kind of iteration.Same kind of iteration.

�� F(n)=a b F(n)=a b lg nlg n++ΣΣk=1k=1
lg nlg n n/2n/2kkbbkk

�� F(n)=F(n)=ΘΘ(n(nlg blg b))

�� D4D4. F(1)=a, F(n)=F(. F(1)=a, F(n)=F(n/2n/2) +F() +F(n/2n/2))

�� F(n)=anF(n)=an

�� D5D5. F(1)=a, F(n)=F(. F(1)=a, F(n)=F(n/2n/2)+F()+F(n/2n/2)+1)+1

�� F(n)=(a+1)nF(n)=(a+1)n--11
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ExamplesExamples

�� D6D6. F(1)=a,. F(1)=a,
F(n) = F(F(n) = F(n/2n/2) + F() + F(n/2n/2) + n) + n

�� F(n)=(a+2)n+n F(n)=(a+2)n+n lg nlg n--2 2 lg nlg n+1+1

�� F(n)~n lg nF(n)~n lg n

�� D7D7. F(0)=1. F(0)=1
F(n)=2F(F(n)=2F(n/2n/2) ) –– 7 7 n/2n/2 + 5n+3+ 5n+3

�� F(n)=F(n)=ΘΘ(n log n)(n log n)

C455 Algorithms AnalysisC455 Algorithms Analysis

Other RRsOther RRs

1.1. Consult a reference book.Consult a reference book.

2.2. Calculate a good number of terms Calculate a good number of terms 
and try to "guess" the general and try to "guess" the general 
formula that you can then verify.formula that you can then verify.

3.3. Manipulate the equation to obtain a Manipulate the equation to obtain a 
more easily solvable one.more easily solvable one.

4.4. Transform the equation into an Transform the equation into an 
inequality that can be more easily inequality that can be more easily 
solved.solved.
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ExamplesExamples

�� E1E1. F(0)=a, F(n)=F(n. F(0)=a, F(n)=F(n--1)+1)+φφ(n)(n)

�� E2E2. F(1)=1, nF(n)=(n. F(1)=1, nF(n)=(n--1)F(n1)F(n--1)+21)+2nn

�� E3E3. F(1)=1, nF(n)=(n+1)F(n. F(1)=1, nF(n)=(n+1)F(n--1)+11)+1

�� E4E4. F(0)=5, F(n)=F(. F(0)=5, F(n)=F((n(n--1)/21)/2)+3)+3

�� E5E5. F(1)=2, F(n)=F(. F(1)=2, F(n)=F(n/2n/2) +n ) +n n/2n/2

�� E6E6. F(0)=1, F(n)=n/(n+2)F(n. F(0)=1, F(n)=n/(n+2)F(n--1)+ 1)+ 
n/2n/2

C455 Algorithms AnalysisC455 Algorithms Analysis

Theorem E7Theorem E7

�� Suppose F(0), F(1), F(2),... satisfy a Suppose F(0), F(1), F(2),... satisfy a 
recurrence inequality of the form recurrence inequality of the form 
F(n)<c(n)F(nF(n)<c(n)F(n--1)+ 1)+ φφ(n), where c(n)>0 (n), where c(n)>0 
for all n>0. Let G(n) be defined by for all n>0. Let G(n) be defined by 
G(0)=F(0), G(n)=c(n)F(nG(0)=F(0), G(n)=c(n)F(n--1)+ 1)+ φφ(n) for (n) for 
n>0. Then F(n)<G(n) for any n>0.n>0. Then F(n)<G(n) for any n>0.
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More ExamplesMore Examples

�� E9E9. F(n)=b F(. F(n)=b F( (n+1)/2(n+1)/2)+)+φφ(n). Prove (n). Prove 
that it can be transformed into that it can be transformed into 
F(n)=G(nF(n)=G(n--1) where 1) where 
G(n)=b G(G(n)=b G(n/2n/2)+)+φφ(n+1)(n+1)

�� E11E11. Solve the problem F(2)=5, . Solve the problem F(2)=5, 
F(n)=2F(F(n)=2F(n/2n/2+1)+3 +1)+3 n/2n/2, n, n>>33
Substitute F(n)=G(nSubstitute F(n)=G(n--1).1).

�� E15E15. F(1)=5, F(n)=F(. F(1)=5, F(n)=F(n/2n/2)+)+√√nn


