
Intra and Extra-Generation Schemesfor Combining Crossover Operators

DanaVrajitoru
IntelligentSystemsLaboratory,

IUSB, ComputerandInformationSciences,
1700MishawakaAve,P.O.Box 7111

SouthBend,IN 46634
danav@cs.iusb.edu

Abstract

Several studieson the variationsof the crossover operator
haveshown thateachof thempresentsspeci£cpropertiesthat
are interestingunderparticularcircumstances.The advan-
tagesof eachoperatoroverothersareoftencontradictoryand
thebestoperatordependson theproblembeingsolved. This
paperis basedon theassumptionthata combinationof sev-
eral crossover operatorscantake advantageof their respec-
tive qualitiesandpower. Thus,we proposeseveralcombina-
tion modelsbasedon four crossover operators:the 1-point,
2-point, uniform and dissociated.We test the performance
of thesemodelsthroughanexperimentalapproachusingthe
problemof theHamiltoniancircuit.

Intr oduction
The crossover operatoris one of the most important and
powerful featuresof thegeneticalgorithms(GAs),andit has
beentheobjectof interestfor many researchersin the£eld
(Maoetal. 2002;Rana1999;Suzuki& Iwasa1999).

Holland (1975) and Goldberg (1989) have startedthe
studyof theprobabilisticpropertiesof thecrossover through
the schematatheorem. An interestingquestionthat has
beenrisen is betweencrossover and mutation,which one
is more important for GAs (Mühlenbein& Schlierkamp-
Voosen1995; Wu, Lindsay, & Riolo 1997). The general
conclusionis thatmutationaloneis not suf£cientfor many
problems,andthattheroleof crossover is essential.

In a differentdirection,Booker (1987)andSpears(1990)
have useda secondmeasureto evaluatethe geneticopera-
tors: theexploratorypower. They have shown thata highly
disruptiveoperatoris alsohighly productive. As theexploit-
ing andthe exploratoryqualitiesarecontradictory, eachof
thesefeaturescouldbecomeanadvantagefor someparticu-
lar search£elds,andadisadvantagefor others.

Some research has been made to combine several
crossover operatorsin the same application of the GA
(Hong,Kahng,& Moon 1995;Spears1995),andour paper
followssimilar ideas.

Generally, the numberof optionsavailablefor this oper-
ator is quite large. We can cite the nonuniformcrossover
(Maini et al. 1994), the spontaneouscrossover (Mayer

Copyright c° 2004, American Associationfor Arti£cial Intelli-
gence(www.aaai.org). All rightsreserved.

1998), the selective crossover (Vekaria & Clack 1998).
Someof thesecrossover operatorscan show a betterper-
formanceon speci£c£tnesslandscapes,andbe lessableto
solveotherproblems.

Consideringtheseissues,it is dif£cult to chooseoneop-
eratorwithoutprior experimentingfor agivenproblem.The
classicalapproachis to testseveralformson a limited num-
berof cases,andto basethe futureuseof thecrossover on
them. The resultsobtainedon a classof problemsare in
generalhardto extendto anotherclass,asthe shapeof the
searchspacecanbecompletelydifferent. Thus,thechoice
of theform of crossover is oftenasubjective one.

Weareinterestedin thesituationwhereasinglecrossover
operatormustgive goodresultsfor mostof theproblemsto
study, which is often the case. We would like to obtaina
recombinationmodelthat shows a betterperformancethan
any singlecrossoveronall of theproblemsweconsider, and
notonly onsomeof them.

To achieve this goal,we presentseveralmodelsusingnot
one,but four crossover operators(1-point,2-point,uniform
anddissociated)andcombiningthemduring the execution
of theGA. Weexpectat leastsomeof thesemodelsto show
a betterperformancethaneachof the consideredoperators
on the test problems. We are testingthesemodelson the
problemof theHamiltoniancircuit.

The next sectionintroducesthe generalparameterset-
tings,thetestfunctions,andthefour basictypesof crossover
thatwehaveusedfor ourexperiment.Thefollowing section
de£nesandtestsseveralcombinationmodelsbasedonthese
operators. The last sectionsummarizesthe entire experi-
ment.

Experiment Description
This sectionpresentsthe test functionsand the parameter
settingsthatwehave usedfor theexperiment.

Standard Functions Set This setcontainsten functions
thatareusedby many researchersto testGAs andtheir pre-
ciseequationscanbe found in (Whitley et al. 1996). Each
if themis a real functiondependingon 2 to 30 variableson
agiveninterval. Thegoalis to minimizeeachof thesefunc-
tions, so lower £tnessvaluesareactuallybetterones. The
geneticrepresentationis aconcatenationof thevariablesoc-
curringin thefunctions.In ourcasewehaveuseadiscretiza-
tion of thevariablesusing10binarygenesfor eachof them.



TheHamiltonian Cir cuit ProblemThesecondtestfunc-
tion thatwe have chosenis theproblemof theHamiltonian
circuit.

Hamiltoniancircuit (HC): Given an orientedgraph,£nd
a circuit that passesonceandonly oncethrougheachver-
tex. This problemis known to beNP-complete(Brassard&
Bratley 1994).

We have performedour experimentswith 11 HC prob-
lemswith graphshaving from 50 to 150 verticesandfrom
246to 3136edges.Thedirectrepresentationof a HC prob-
lemfor theGAsis dif£cult. DeJongandSpears(1989)have
implementeda geneticrepresentationusingthetransforma-
tion of an instanceof HC into an instanceof SAT, which is
easierto representin ageneticform.

A detaileddescriptionof the reductionof a HC instance
into a SAT instancecan be found in (Brassard& Bratley
1994)or (Vrajitoru 1999). For any givengraph,a Boolean
variablecorrespondsto eacharch,andis giventhetruevalue
if thearchbelongsto thecircuit. TheSAT expressionsum-
marizesthe fact that, for eachvertex, oneandonly oneof
the enteringedgesandof the exiting edgesmustbelongto
thecircuit.

For example,let us considerthe graphin Figure1. The
conversionof theHC instancefor this graphinto a SAT in-
stancewould resultin Equation1, in which a Booleanvari-
ablewith thesamenameasedgeis trueif theedgebelongs
to theHamiltoniancircuit. Thesymbols' ­ ' and' ^ ' repre-
senttheBoolean'xor' and'and' operators.

Figure 1: The graphfor which Equation1 representsthe
instanceof SAT correspondingto its HC instance

out (AC ­ AD ) ^ B E ^ (CB ­ CD)^
^ DB ^ (EA ­ EC)^

in EA ^ (CB ­ DB ) ^ (AC ­ EC)^
^ (AD ­ AD ) ^ B E

(1)

The £tnessfunction for the HC problemsis basedon a
fuzzy logic interpretationof the logical expressionderived
from thegraph.Thus,eachindividual representsanassign-
mentof truth valuesto eachof thevariablescomposingthe
logical expression.The logical andoperatoris interpreted
as the averagevalue of the operands,while the logical or
operatoris interpretedasthemaximumof thevaluesof the
operands.If an individual representsa perfectHamiltonian
circuit, thenits £tnesswill be1.

The questionsthat we askbasedon this problemarethe
following. First, can the combinationof several crossover

operatorsperform better than eachof them individually?
And second,how doesthe algorithmreactto the problem
scaling,especiallywhengoing from small problemsto big
problems?

Parameter Settings
Sincewe arestudyingthecrossover operator, we have per-
formed50runsof theGA for eachproblemwith acrossover
rateof 1 anda mutationrateof 0.0005.Previoustestshave
determinedthatthis is a goodsettingfor bothour testprob-
lems.For eachof the50 trials, we generateoneinitial pop-
ulation andrun the GA startingfrom it separatelyfor each
operatoror combinationmodel.This way, eachof theoper-
atorshasthesamechanceto £ndtheoptimalindividual.

Eachgenerationcontains100individualsandthenumber
of generationsis limited to 1000. We have usedthe£tness
proportionateselection(Goldberg 1989),andthemonotone
reproduction(Vrajitoru 1999). Our performancemeasure
is the averageof the best£tnessvalueachieved in the last
generation.

Crossover Operators
Among the existing variationsandforms, we have chosen
four crossover operatorsof comparablebehavior: the 1-
point, 2-point,uniform with a swap probabilityof 0.5, and
dissociatedcrossover.

The1-pointcrossoverhaslittle exploratorypower, but can
betterexploit theknowledgecontainedin theinitial popula-
tion. On the contrary, the n-point crossover (n >> 1) is
highly exploratory and is recommendedwhen the popula-
tion size is small. The uniform crossover hasa greatex-
ploratory power, which can be controlledby the value of
theswapprobability. This operatorhasshown goodperfor-
manceevenwith ahighexchangerate(Syswerda1989).

Thedissociatedcrossover hasbeenintroducedin (Vraji-
toru 1999). We have useda variationon its original form
that splits eachparentin two at a differentcrosssite, and
swapsthe resultingright handsidesof the parentsby ap-
plying the logical 'or' operatoron theoverlappingportions
for onechild, andlogical 'and' operatorfor theotherchild.
Moreprecisely, if par1;2 aretheparentsin thecrossoverop-
eration,csite1;2 aretwo crosssites,thenthe childrenindi-
vidualsarede£nedby the following equationin which the
symbols_ and ^ representthe logical operators“or” and
“and” respectively:

chil d1(i ) =

(
par1(i ); i · csite1
par1(i ) _ par2(i ); csite1 < i · csite2
par2(i ); csite2 < i

chil d2(i ) =

(
par2(i ); i · csite1
par1(i ) ^ par2(i ); csite1 < i · csite2
par1(i ); csite2 < i

(2)
Figure 2 illustrates the way the dissociatedcrossover

builds thechildren,asspeci£edin Equation2. This formu-
lation is different from the original onepresentedin (Vra-
jitoru 1999)concerningtheoperatorappliedto theoverlap-



Figure2: Thedissociatedcrossover

ping part of the parentsfor the secondchild. We have ex-
perimentedwith variousformulationsandthe'and' operator
seemsto bethebestone.

Beforestartingto combinethe crossover operators,it is
interestingto know how well eachof themperformson the
problemswe have chosen.Tables1 and2 presentthe av-
erageover the 50 trials of the bestperformancein the last
generationfor eachoperatorfor thesetof standardfunctions
andfor the HC problemrespectively. The highestpossible
£tnessin ourcaseis 1, whichwouldbeachievedin thecase
of the optimal individual. The £rst columnrepresentsthe
graphitself, labeledby thenumberof vertices.Thelastcol-
umnindicatestheoperatorpresentingthebestperformance
for thatgraph.

Table1: Average£tnessof the crossover operatorson the
standardfunctionsset(minimizationproblems)

# F 1-point 2-point Uniform Dissociated Best

F1 0.066 0.044 0.344 0.383 uniform

F2 0.414 0.516 0.840 0.734 1-point

F3 12.22 12.34 12.12 10.44 dissoc.

F4 0.981 0.788 1.104 1.526 2-points

F5 5.206 8.175 4.596 5.949 uniform

F6 2.414 2.615 3.916 3.483 1-point

F7 608.37 614.82 670.62 708.84 1-point

F8 1.707 1.501 2.978 3.941 2-points

F9 0.197 0.184 0.243 0.196 2-points

F10 1.887 1.687 2.188 2.527 2-points

From thesetableswe seethat the dissociatedcrossover
presentsthebestperformanceonmorethanhalf of theprob-
lems,especiallyfor thelargegraphs,andis followedby the
2-pointcrossover. However, thedifferencebetweentheper-
formanceof theseoperatorsis notalwaysvisiblebecausewe
only show the£rst3 digits of theaverage£tness.Giventhe
diversity in the results,we candeducethat, in general,we
cannotpredictwith greataccuracy thatoneof theoperators
will performbetterthantheothersonanew problem.

Combining Crossover Operators
In this sectionwe presentseveral combinationmodelsfor
crossoveroperatorsandcomparethemwith singlecrossover

Table2: Average£tnessthecrossover operatorson theHC
problem(£tnessmaximumof 1)

Graph 1-point 2-point Uniform Dissociated Best

HC50 0.977 0.979 0.978 0.979 dissoc.

HC60 0.981 0.982 0.984 0.985 dissoc.

HC70 0.977 0.980 0.983 0.986 dissoc.

HC80 0.968 0.972 0.981 0.981 dissoc.

HC90 0.953 0.960 0.973 0.976 dissoc.

HC100 0.936 0.944 0.964 0.973 dissoc.

HC110 0.911 0.923 0.950 0.971 dissoc.

HC120 0.889 0.902 0.936 0.971 dissoc.

HC130 0.873 0.887 0.924 0.969 dissoc.

HC140 0.854 0.867 0.911 0.970 dissoc.

HC150 0.793 0.808 0.859 0.973 dissoc.

operators.
The attemptsto combinecrossover operatorshave been

far lessnumerousthan the developedforms of crossover.
Schaffer and Morishima (1987) proposed a crossover
schemebasedon the n-point crossover wherethe number
andpositionof thecrossover siteswhereself-adaptingover
the GA run. Following the adaptationidea,Spears(1995)
hasdevelopeda modelcombiningthe 2-point anduniform
crossover, where the proportion betweenthe two is also
evolved by the GA. Finally, Hong et al. (1995) propose
severaladaptivecombinationstrategiesbasedontraditional,
cycle, and geographiccrossover. In all the cases,using
more than one crossover seemsto outperformeachsingle
crossover.

The threecited approachesusestrategies that imply the
useof severaloperatorswithin theconstructionof eachgen-
eration.We proposethreenew models,the£rst two apply-
ing several forms of crossover to build every new genera-
tion (intra-generation models). In the third model, a sin-
gle crossover is usedin eachgeneration,andthis operator
changesafterseveralgenerations(extra-generationmodel).

Model Description
Intra-generation schemes. The £rst combinationmodel
weproposeaimsto useseveralformsof crossover for build-
ing eachgeneration.In general,for eachcrossover opera-
tion, themethodchoosesoneof thefour operatorspresented
in theprevioussectionby a randomfunctionfollowing two
schemes.

The£rstmodel,calledbalancedcombination, giveseach
operatora probability to be selectedof 0.25,which means
thateachoperatorhasequalchancesto beemployed.

Thesecondmodelwepropose,namedadaptive, startsthe
exact sameway asthebalancedone,by giving eachof the
four operatorsanequalchanceto beselected.Theprobabil-
ities associatedwith the basicoperatorsaremodi£edafter
completingeachgenerationthefollowing way:



² When the populationis too heterogeneous,or when the
changein the£tnessvalueis too dramaticfrom onegen-
erationto thenext, we increasetheprobabilityassociated
with theconservativeoperators,whicharethe1-pointand
the2-pointcrossover.

² When the populationis too homogeneous,or when the
changein £tnessfrom the previous generationis too
small, we increasethe probability associatedwith the
more exploratory operators,which are the uniform and
thedissociatedcrossover.

² Otherwisewe may modify all of the probabilitiesby a
smallrandomamount.

Extra-generation Schemes. The third combination
model usesa single crossover operatorduring a certain
number of generations,then switches to another. The
passagefrom one operatorto the next is accomplishedin
a round-robin fashion, with the step equal to 50 or 100
generations.We have denotedthesestrategiesby RR50and
RR100.

For themoment,all theexperimentsstartwith the1-point
operator, followed in orderby the2-point, thenby theuni-
form, and£nallyby thedissociatedcrossover, andrestarting
thecycle if needed.Theexperimentcanbeextendedto see
whetherthe orderandthe startingpoint in the cycle areof
any importance.

Experimental Results

We still expect the bestcrossover operatorfor eachprob-
lem to bebetterthat thecombinedmodels.In thesituation
we considered,the crossover form hasto performwell on
severaldifferentproblems,andnot only on a particularone.
Thus, we are interestedin comparingthe combinedmod-
elswith thecrossover operatorthathasshown thebestgen-
eralperformance(seeTable2) for eachindividual problem.
Thelastcolumnmarksthecombinationschemethathaspre-
sentedthebestperformancesothatit canbecomparedto the
bestsingleoperator.

Fromthis table,wecannoticethatthebalancedcombina-
tion methodshowsabetterperformancethanthebestsingle
operatorin most of the cases,except for the last 2 prob-
lemswherethedifferencebetweenthemis very small. We
believe that this schemeproves to be betterthan the other
in mostcasesbecauseit is the onetaking advantageof the
strengthof eachoperatorfor every generation. When the
populationbecomesmorehomogeneousin thelatergenera-
tions, the probability to spawn a betterindividual with this
methodis aboutequalto themaximumprobabilityconsider-
ing eachoperatorseparately. Thereis no signi£cantdiffer-
encebetweenthe othercombiningmethods,althoughthey
arein generalbetterthanmostindividualoperators.

Next, we have thoughtinterestingto observe the evolu-
tion of thebest£tnessthroughgenerations.Thus,Figure3
shows theaverageperformancefor the2-point,dissociated,
combinedbalanced,andcombinedadaptive operatorsdur-
ing the£rst500generationsfor theHC50problem.

Table3: Average£tnessof thecombinedmodels,standard
functionsset(minimizationproblems)

# F Balanced Adaptive RR5 RR10 Best

F1 0.066 0.044 0.024 0.025 2-point

F2 0.523 0.361 0.473 0.393 2-point

F3 10.4 11.74 10.6 10.92 dissoc.

F4 0.555 0.272 0.538 0.373 dissoc.

F5 1.581 2.409 2.39 2.985 balanced

F6 1.978 1.374 2.133 1.546 adaptive

F7 607.547 504.569 537.98 521.3 adaptive

F8 1.119 0.664 0.808 0.634 2-point

F9 0.165 0.139 0.154 0.156 2-point

F10 1.453 1.062 1.438 1.269 2-point

Table4: Average£tnessof thecombinedmodels,HC prob-
lems(£tnessmaximumof 1)

Graph Balanced Adaptive RR5 RR10 Best

HC50 0.981 0.980 0.980 0.980 balanced

HC60 0.987 0.984 0.987 0.986 RR5

HC70 0.990 0.986 0.990 0.988 RR5

HC80 0.990 0.983 0.989 0.990 balanced

HC90 0.989 0.974 0.988 0.986 balanced

HC100 0.985 0.962 0.985 0.983 balanced

HC110 0.980 0.944 0.980 0.979 RR5

HC120 0.978 0.927 0.978 0.976 RR5

HC130 0.976 0.915 0.976 0.975 RR5

HC140 0.974 0.897 0.975 0.974 RR5

HC150 0.975 0.839 0.975 0.973 dissoc.

Figure3: Averageperformancein 500 generations,HC50
graph



Table 5: Best £tnessof 50 runs for the best combined
methodandthe bestsingleoperator, HC problems(£tness
maximumof 1)

Graph Bestsingleoperator Bestcombinedmethod

HC50 0.995(2-point) 0.991(adaptive)

HC60 0.995(dissoc.) 0.995(RR10)

HC70 0.996(dissoc.) 0.996(RR5)

HC80 0.994(uniform) 0.996(balanced)

HC90 0.991(uniform) 0.993(RR5)

HC100 0.987(uniform) 0.990(RR5)

HC110 0.982(dissoc.) 0.985(balanced)

HC120 0.979(dissoc.) 0.982(RR5)

HC130 0.978(dissoc.) 0.981(RR5)

HC140 0.978(dissoc.) 0.979(RR5)

HC150 0.978(dissoc.) 0.979(RR5)

The Quality of the Solutions

For a differentview of thequality of thesolutionsachieved
by eachmethod,we have searchedfor thebestsolutionob-
tainedin any of the50 trials. Table5 show thebestsolution
found by a singlecrossover operatorandby the bestcom-
binedmethodfor eachproblem.We cannoticethatthebest
solutionfound by the balancedschemeis in generalbetter
than the bestsolution obtainedby any single operator, no
matterwhichoneit is.

The last experimentwe have performedwasintendedto
study the in¤uenceof the mutationrate on the quality of
theresultsfor thevariouscrossoveroperatorandcombining
methods. Thus, we have plotted the averageperformance
(£tnessof the best individual) of the bestsingle operator
(dissociated),thebestcombinedmethod(balanced),andthe
uniformcrossover for asetof experimentswithoutmutation
andanothersetwith ahighmutationrate.

Figures4 and5 show thesenew resultsin 1000genera-
tionswith amutationrateof 0.0andof 0.01.Thex axisrep-
resentsthenumberof verticesin thegraph.Thesizeof the
individual actuallydependson thenumberof edges,which
is signi£cantlylargerthanthenumberof vertices.

It is interestingto noticethat the differencebetweenthe
performanceof thedissociatedcrossover andtheothersin-
gle operatorsincreaseswith the problemsize. In theseex-
periments,thedissociatedcrossover is showing abetterper-
formancethanthe othersandthe differenceincreaseswith
thegraphsize. Still, theperformanceof thecombinedbal-
ancedmodelis muchcloserto thedissociatedcrossoverthan
theuniformoperator.

Thethreemodelsshow abetterperformancewithoutmu-
tation ratherthanwith a mutationrateof 0.01,which sug-
geststhatthismutationrateis toohighfor thisclassof prob-
lems.Themutationrateof 0.0005thatwe have usedbefore
is amuchbetterchoice.

Figure 4: Averageperformanceon HC problemswithout
mutation

Figure5: AverageperformanceonHC problemswith amu-
tationrateof 0.01



Conclusions
This paperhaspresentedseveral combinationmethodsfor
the crossover operatorin an attemptto take advantageof
the strengthof eachindividual operatorandproducebetter
solutionsto theproblemin amoreconsistentway.

In the secondsectionwe have comparedthe four basic
crossoveroperators,whicharethe1-point,2-point,uniform,
anddissociated.The£rstexperimentspresentedin Table2
have shown thatthebestoperatorcanbedifferentfrom one
problemto another.

In thethird sectionwe have de£nedseveralmodelscom-
bining thefour crossover operatorsandwe have testedtheir
performanceagainstthebestsingleoperatorusingthesame
testproblems. The resultsfrom Table4 show that a com-
binedmodelcanbeconsistentlybetterthanany of thesingle
crossover operators.Furthertestshave con£rmedthat the
combinedbalancedmodel, that choosesbetweenthe four
operatorsin a randomfashionwith equalprobabilitiesfor
eachof them,is alsocapableof generatingsolutionsthatare
closerto theoptimalone.

We can concludethat a model combiningthe power of
severalcrossover operatorsis a morerobustchoiceandcan
£ndbettersolutionsundervariouscircumstances..
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