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Abstract

Several studieson the variationsof the crosseer operator
have shavn thateachof thempresentspeci£gropertieghat
are interestingunder particular circumstances.The adwan-
tagesof eachoperatomover othersareoftencontradictoryand
the bestoperatordepend®n the problembeingsolved. This
paperis basedon the assumptiorthata combinationof sev-
eral crosseer operatorscantake advantageof their respec-
tive qualitiesandpower. Thus,we proposeseveralcombina-
tion modelsbasedon four crosswer operators:the 1-point,
2-point, uniform and dissociated. We testthe performance
of thesemodelsthroughan experimentalapproactusingthe
problemof the Hamiltoniancircuit.

Intr oduction

The crossw@er operatoris one of the mostimportantand
powerful featureof thegeneticalgorithms(GAs),andit has
beenthe objectof interestfor mary researcheri the £eld
(Maoetal. 2002;Ranal999;Suzuki& Iwasal999).

Holland (1975) and Goldbeg (1989) have startedthe
studyof theprobabilisticpropertief thecrosseerthrough
the schematatheorem. An interestingquestionthat has
beenrisenis betweencrosseer and mutation, which one
is more importantfor GAs (Muhlenbein& Schlierkamp-
Voosen1995; Wu, Lindsay & Riolo 1997). The general
conclusionis that mutationaloneis not sufcientfor mary
problemsandthattherole of crosseeris essential.

In adifferentdirection,Booker (1987)andSpearg1990)
have useda secondmeasurdo evaluatethe geneticopera-
tors: theexploratorypower. They have shavn thata highly
disruptive operatoiis alsohighly productve. As theexploit-
ing andthe exploratory qualitiesare contradictory eachof
thesefeaturescould becomeanadwantagefor someparticu-
lar searctEelds,anda disadantagefor others.

Some researchhas been made to combine several
crosseer operatorsin the same application of the GA
(Hong,Kahng,& Moon 1995; Spearsl 995),andour paper
follows similarideas.

Generally the numberof optionsavailablefor this oper
ator is quite large. We can cite the nonuniformcrosseer
(Maini et al. 1994), the spontaneougrosseer (Mayer
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1998), the selectve crosswer (Vekaria & Clack 1998).
Someof thesecrosseer operatorscan shov a betterper
formanceon specif£cEtnesdandscapesandbe lessableto
solve otherproblems.

Consideringheseissuesit is dif£cult to chooseoneop-
eratorwithout prior experimentingor agivenproblem.The
classicalpproachs to testseveralformson alimited num-
ber of casesandto basethe future useof the cross@er on
them. The resultsobtainedon a classof problemsarein
generalhardto extendto anotherclass,asthe shapeof the
searchspacecanbe completelydifferent. Thus,the choice
of theform of crosseeris oftena subjectve one.

We areinterestedn thesituationwhereasinglecrosseer
operatomustgive goodresultsfor mostof the problemsto
study which is often the case. We would like to obtaina
recombinatiormodelthat shawvs a betterperformancehan
ary singlecrosseeronall of the problemswe considerand
notonly on someof them.

To achieve this goal, we presenseveralmodelsusingnot
one,but four crosseer operatorg1-point, 2-point, uniform
anddissociatedjand combiningthemduring the execution
of the GA. We expectatleastsomeof thesemodelsto shav
a betterperformancehaneachof the consideredperators
on the test problems. We are testingthesemodelson the
problemof the Hamiltoniancircuit.

The next sectionintroducesthe generalparameterset-
tings,thetestfunctions,andthefour basictypesof crosswer
thatwe have usedfor our experiment.Thefollowing section
def£nesandtestssereralcombinatiormodelsbasednthese
operators. The last sectionsummarizeghe entire experi-
ment.

Experiment Description

This sectionpresentshe test functionsand the parameter
settingsthatwe have usedfor the experiment.

Standard Functions Set This setcontainsten functions
thatareusedby mary researcherto testGAs andtheir pre-
ciseequationcanbe foundin (Whitley etal. 1996). Each
if themis arealfunctiondependingn 2 to 30 variableson
agiveninterval. Thegoalis to minimize eachof thesefunc-
tions, so lower £tnessvaluesare actually betterones. The
geneticrepresentatiois a concatenationf thevariablesoc-
curringin thefunctions.In ourcasewe have useadiscretiza-
tion of thevariablesusing10 binarygenedor eachof them.



The Hamiltonian Cir cuit Problem Thesecondestfunc-
tion thatwe have choseris the problemof the Hamiltonian
circuit.

Hamiltoniancircuit (HC): Givenan orientedgraph,£nd
a circuit that passeonceand only oncethrougheachver-
tex. This problemis known to be NP-completgBrassard&
Bratley 1994).

We have performedour experimentswith 11 HC prob-
lemswith graphshaving from 50 to 150 verticesand from
24610 3136edges.Thedirectrepresentationf a HC prob-
lemfor theGAsis dif£cult. De JongandSpearg1989)have
implementeda geneticrepresentatiomsingthe transforma-
tion of aninstanceof HC into aninstanceof SAT, which s
easierto represenin ageneticform.

A detaileddescriptionof the reductionof a HC instance
into a SAT instancecan be found in (Brassard& Bratley
1994)or (Vrajitoru 1999). For ary givengraph,a Boolean
variablecorrespondso eacharch,andis giventhetruevalue
if thearchbelongsto thecircuit. The SAT expressiorsum-
marizesthe fact that, for eachvertex, oneandonly one of
the enteringedgesand of the exiting edgesmustbelongto
thecircuit.

For example,let us considerthe graphin Figurel. The
conversionof the HC instancefor this graphinto a SAT in-
stancewould resultin Equationl, in which a Booleanvari-
ablewith the samenameasedgeis trueif the edgebelongs
to the Hamiltoniancircuit. Thesymbols'- * and'”' repre-
sentthe Boolean'xor' and'and’ operators.

Figure 1: The graphfor which Equationl representghe
instanceof SAT correspondingo its HC instance
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The £tnessfunction for the HC problemsis basedon a
fuzzy logic interpretationof the logical expressionderived
from the graph. Thus,eachindividual representsin assign-
mentof truth valuesto eachof the variablescomposinghe
logical expression. The logical and operatoris interpreted
asthe averagevalue of the operandswhile the logical or
operatoris interpretedasthe maximumof the valuesof the
operandsIf anindividual represents perfectHamiltonian
circuit, thenits £tnesswill be 1.

The questionghat we askbasedon this problemarethe
following. First, canthe combinationof several cross@er

operatorsperform better than eachof them individually?
And second,how doesthe algorithmreactto the problem
scaling,especiallywhengoing from small problemsto big
problems?

Parameter Settings

Sincewe are studyingthe crosseer operatoy we have per
formed50runsof the GA for eachproblemwith acrosseer
rateof 1 anda mutationrateof 0.0005. Previoustestshave
determinedhatthis is a goodsettingfor both our testprob-
lems. For eachof the 50 trials, we generateneinitial pop-
ulationandrun the GA startingfrom it separatelyfor each
operatoror combinationmodel. This way, eachof the oper
atorshasthe samechanceo £ndtheoptimalindividual.

Eachgeneratiorcontainsl00individualsandthe number
of generationss limited to 1000. We have usedthe £tness
proportionateselection(Goldbeg 1989),andthe monotone
reproduction(Vrajitoru 1999). Our performancemeasure
is the averageof the best£tnessvalue achieved in the last
generation.

Crosswer Operators

Among the existing variationsand forms, we have chosen
four crosseer operatorsof comparablebehaior: the 1-
point, 2-point, uniform with a swap probability of 0.5, and
dissociatedrosseer.

Thel-pointcrosseerhaslittle exploratorypower, butcan
betterexploit the knowledgecontainedn theinitial popula-
tion. On the contrary the n-point crosseer (n >> 1) is
highly exploratory andis recommendedvhenthe popula-
tion sizeis small. The uniform crosseer hasa greatex-
ploratory power, which can be controlled by the value of
the swap probability This operatorhasshavn goodperfor
manceevenwith a high exchangerate(Syswerdal 989).

The dissociatedccross@er hasbeenintroducedin (Vraji-
toru 1999). We have useda variationon its original form
that splits eachparentin two at a different crosssite, and
swapsthe resultingright handsidesof the parentsby ap-
plying the logical 'or' operatoron the overlappingportions
for onechild, andlogical ‘and' operatorfor the otherchild.
More preciselyif pary., aretheparentsn thecrosseer op-
eration,csite;., aretwo crosssites,thenthe childrenindi-
vidualsare de£nedby the following equationin which the
symbols_ and” representhe logical operators‘or” and
“and” respectiely:

( paryi(i); i - csite;

childy(i) =  pary(i) _ paro(i); csite; < i - csite;
pary(i); csite; < i
( par,(i); i - csiteg

childy(i) = pari(i)  pary(i); csite; < i - csite;
paryi(i); csitey < i

(2)

Figure 2 illustrates the way the dissociatedcross@er
builds the children,asspeci£edn Equation2. This formu-
lation is differentfrom the original one presentedn (Vra-
jitoru 1999)concerninghe operatorappliedto the overlap-
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Figure2: Thedissociateatross@er

ping part of the parentsfor the secondchild. We have ex-
perimentedvith variousformulationsandthe'and’ operator
seemso bethebestone.

Before startingto combinethe crosseer operatorsit is
interestingto know how well eachof themperformson the
problemswe have chosen. Tables1 and 2 presentthe av-
erageover the 50 trials of the bestperformancen the last
generatiorfor eachoperatoffor thesetof standardunctions
andfor the HC problemrespectiely. The highestpossible
£tnesdn our caseis 1, whichwould be achievedin thecase
of the optimal individual. The £rst columnrepresentshe
graphitself, labeledby the numberof vertices.Thelastcol-
umnindicatesthe operatorpresentinghe bestperformance
for thatgraph.

Table 1: Average£tnessof the crosseer operatorson the
standardunctionsset(minimizationproblems)

#F 1-point 2-point Uniform Dissociated Best

F1 0.066 0.044 0.344 0.383  uniform
F2 0.414 0.516 0.840 0.734  1-point
F3 1222 1234 12.12 10.44 dissoc.
F4 0981 0.788 1.104 1526 2-points
F5 5.206 8.175 4.596 5.949  uniform
F6 2.414 2.615 3.916 3.483  1-point
F7 608.37 614.82 670.62 708.84 1-point
F8 1.707 1.501 2.978 3.941  2-points
F9 0.197 0.184 0.243 0.196 2-points
F10 1.887 1.687 2.188 2.527  2-points

From thesetableswe seethat the dissociatedcrosseer
presentshebestperformancen morethanhalf of the prob-
lems,especiallyfor thelarge graphsandis followed by the
2-pointcrosseer. However, the differencebetweerthe per
formanceof theseoperatorss notalwaysvisible becauseve
only show the £rst 3 digits of the averageEtness.Giventhe
diversity in the results,we candeducethat, in generalwe
cannotpredictwith greataccurag thatoneof the operators
will performbetterthanthe othersonanew problem.

Combining Crosswer Operators

In this sectionwe presentseveral combinationmodelsfor
crosseeroperatorandcomparghemwith singlecrosseer

Table2: Averageftnesgshe crosseer operatoronthe HC
problem(£tnessmaximumof 1)

Graph 1-point 2-point Uniform Dissociated Best

HC50 0.977 0.979 0.978 0.979  dissoc.
HC60 0.981 0.982 0.984 0.985 dissoc.
HC70 0.977 0.980 0.983 0.986 dissoc.
HC80 0.968 0.972 0.981 0.981 dissoc.
HC90 0.953 0.960 0.973 0.976  dissoc.
HC100 0.936 0.944 0.964 0.973  dissoc.
HC110 0.911 0.923 0.950 0.971  dissoc.
HC120 0.889 0.902 0.936 0.971 dissoc.
HC130 0.873 0.887 0.924 0.969 dissoc.
HC140 0.854 0.867 0.911 0.970 dissoc.
HC150 0.793 0.808 0.859 0.973  dissoc.

operators.

The attemptsto combinecross@er operatorshave been
far lessnumerousthan the developedforms of crosswer.
Schafer and Morishima (1987) proposeda crosseer
schemebasedon the n-point crosseer wherethe number
andpositionof the crosseer siteswhereself-adaptingpver
the GA run. Following the adaptatioridea, Spearg1995)
hasdevelopeda modelcombiningthe 2-pointand uniform
crosseer, where the proportion betweenthe two is also
evolved by the GA. Finally, Hong et al. (1995) propose
severaladaptve combinatiorstratgiesbasedn traditional,
cycle, and geographiccrosseer. In all the cases,using
more than one crosseer seemsto outperformeachsingle
crossoer.

The threecited approachesisestratgjiesthatimply the
useof severaloperatorswvithin the constructiorof eachgen-
eration. We proposethreenenv models,the £rsttwo apply-
ing several forms of cross@er to build every nev genera-
tion (intra-genemtion models). In the third model, a sin-
gle crosswer is usedin eachgenerationandthis operator
changesfterseveralgenerationgextra-geneation model).

Model Description

Intra-generation schemes. The £rst combinationmodel
we proposeaimsto useseveralformsof crosseer for build-
ing eachgeneration.In general for eachcrosswer opera-
tion, themethodchoose®neof thefour operatorpresented
in the previous sectionby a randomfunctionfollowing two
schemes.

The £rstmodel,calledbalancedcombination giveseach
operatora probability to be selectedof 0.25, which means
thateachoperatohasequalchanceso beemployed.

Thesecondnodelwe proposenamedadaptive startsthe
exactsameway asthe balancedne, by giving eachof the
four operatorsanequalchanceo be selected The probabil-
ities associatedvith the basicoperatorsare modi£edafter
completingeachgeneratiorthefollowing way:



2 Whenthe populationis too heterogeneousyr whenthe
changen the £tnessvalueis too dramaticfrom onegen-
erationto the next, we increasehe probabilityassociated
with theconserative operatorswhicharethe 1-pointand
the2-pointcrosseer.

2 Whenthe populationis too homogeneouspr when the
changein £tnessfrom the previous generationis too
small, we increasethe probability associatedwvith the
more exploratory operatorswhich are the uniform and
thedissociatectrosswer.

2 Otherwisewe may modify all of the probabilitiesby a
smallrandomamount.

Extra-generation Schemes. The third combination
model usesa single cross@er operatorduring a certain
number of generations,then switchesto another The
passagdrom one operatorto the next is accomplishedn
a round-robinfashion, with the step equalto 50 or 100
generationsWe have denotedhesestratgiesby RR50and
RR100

For themoment.all theexperimentsstartwith the 1-point
operator followed in orderby the 2-point, thenby the uni-
form, and£nally by thedissociatedrosseer, andrestarting
thecycle if needed.The experimentcanbe extendedto see
whetherthe orderandthe startingpoint in the cycle are of
ary importance.

Experimental Results

We still expectthe bestcrosseer operatorfor eachprob-
lem to be betterthatthe combinedmodels. In the situation
we consideredthe cross@er form hasto performwell on
severaldifferentproblemsandnot only ona particularone.
Thus, we are interestedin comparingthe combinedmod-
elswith the crosseer operatorthathasshavn the bestgen-
eralperformancdseeTable2) for eachindividual problem.
Thelastcolumnmarksthecombinatiorschemehathaspre-
sentedhebestperformanceothatit canbecomparedo the
bestsingleoperator

Fromthistable,we cannoticethatthebalancedcombina-
tion methodshawvs a betterperformancehanthebestsingle
operatorin mostof the cases,exceptfor the last 2 prob-
lemswherethe differencebetweerthemis very small. We
believe that this schemeprovesto be betterthanthe other
in mostcasedecausat is the onetaking advantageof the
strengthof eachoperatorfor every generation. When the
populationbecomesnorehomogeneou thelatergenera-
tions, the probability to spavn a betterindividual with this
methods aboutequalto the maximumprobabilityconsider
ing eachoperatorseparately Thereis no signi£cantdiffer-
encebetweenthe other combiningmethods althoughthey
arein generabetterthanmostindividual operators.

Next, we have thoughtinterestingto obsere the evolu-
tion of the bestEtnesghroughgenerationsThus, Figure3
shaws the averageperformancdor the 2-point, dissociated,
combinedbalanced and combinedadaptve operatorsdur-
ing the £rst500generationgor the HC50problem.

Table 3: Average£tnessof the combinedmodels,standard
functionsset(minimizationproblems)

#F BalancedAdaptve RR5 RR10 Best

F1 0.066 0.044 0.024 0.025 2-point
F2 0523 0.361 0.473 0.393 2-point
F3 10.4 11.74 10.6 10.92 dissoc.
F4 0555 0.272 0.538 0.373 dissoc.
F5 1581 2409 2.39 2.985 balanced
F6 1978 1.374 2.133 1.546 adaptve

F7 607.547 504.569 537.98 521.3 adaptve

F8 1119 0.664 0.808 0.634 2-point
FO 0.165 0.139 0.154 0.156 2-point
F10 1.453 1.062 1.438 1.269 2-point

Table4: Averageftnessf the combinedmodels,HC prob-
lems(£tnessnaximumof 1)

Graph Balanced Adaptve RR5 RR10 Best

HC50 0.981 0.980 0.980 0.980 balanced
HC60  0.987 0.984 0.987 0.986 RR5
HC70 0.990 0.986 0.990 0.988 RR5
HC80 0.990 0.983 0.989 0.990 balanced
HC90  0.989 0.974 0.988 0.986 balanced
HC100 0.985 0.962 0.985 0.983 balanced
HC110 0.980 0.944 0.980 0.979 RR5
HC120 0.978 0.927 0.978 0.976 RR5
HC130 0.976 0.915 0.976 0.975 RR5
HC140 0.974 0.897 0.9750.974 RR5
HC150 0.975 0.839 0.975 0.973 dissoc.
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Figure 3: Averageperformancen 500 generationsHC50
graph



Table 5: Best £tnessof 50 runs for the best combined
methodandthe bestsingle operatoy HC problems(£tness
maximumof 1)

Graph Bestsingleoperator Bestcombinedmethod

HC50 0.995(2-point) 0.991(adaptve)
HC60 0.995(dissoc.) 0.995(RR10)
HC70 0.996(dissoc.) 0.996(RR5)
HC80  0.994(uniform) 0.996(balanced)
HC90  0.991(uniform) 0.993(RR5)
HC100 0.987(uniform) 0.990(RR5)
HC110 0.982(dissoc.) 0.985(balanced)
HC120 0.979(dissoc.) 0.982(RR5)
HC130 0.978(dissoc.) 0.981(RR5)
HC140 0.978(dissoc.) 0.979(RR5)
HC150 0.978(dissoc.) 0.979(RR5)

The Quality of the Solutions

For a differentview of the quality of the solutionsachieved
by eachmethod,we have searchedor the bestsolutionob-
tainedin ary of the50 trials. Table5 shav the bestsolution
found by a single cross@er operatorand by the bestcom-
binedmethodfor eachproblem.We cannoticethatthe best
solutionfound by the balancedschemeis in generalbetter
thanthe bestsolution obtainedby ary single operator no
matterwhich oneit is.

The last experimentwe have performedwasintendedto
study the inauenceof the mutationrate on the quality of
theresultsfor the variouscrosseer operatorandcombining
methods. Thus, we have plotted the averageperformance
(Etnessof the bestindividual) of the bestsingle operator
(dissociated)thebestcombinednethod(balanced)andthe
uniform crosseer for a setof experimentsvithout mutation
andanothersetwith a high mutationrate.

Figures4 and5 shav thesenew resultsin 1000genera-
tionswith amutationrateof 0.0andof 0.01. Thex axisrep-
resentghe numberof verticesin the graph. The sizeof the
individual actually dependson the numberof edgeswhich
is signiEcantlylargerthanthe numberof vertices.

It is interestingto noticethatthe differencebetweenthe
performanceof the dissociatectross@er andthe othersin-
gle operatordncreasesvith the problemsize. In theseex-
perimentsthedissociatedtrosseeris shaving a betterper
formancethanthe othersandthe differenceincreasesith
the graphsize. Still, the performanceof the combinedbal-
ancedmnodelis muchcloserto thedissociateadrosseerthan
theuniform operator

Thethreemodelsshav a betterperformanceavithout mu-
tation ratherthanwith a mutationrate of 0.01, which sug-
gestghatthis mutationrateis too highfor this classof prob-
lems. The mutationrateof 0.0005thatwe have usedbefore
is amuchbetterchoice.

Fitness
1
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0.95+ —»— Uniform
\\ —a— Balanced
0.9 \
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Figure 4: Averageperformanceon HC problemswithout
mutation

Figure5: Averageperformancen HC problemswith a mu-
tationrateof 0.01



Conclusions

This paperhaspresentedsereral combinationmethodsfor
the cross@er operatorin an attemptto take adwantageof
the strengthof eachindividual operatorand producebetter
solutionsto the problemin a moreconsistentvay.

In the secondsectionwe have comparecthe four basic
crossw@eroperatorswhicharethe1-point,2-point,uniform,
anddissociated.The £rstexperimentspresentedn Table2
have shavn thatthe bestoperatorcanbe differentfrom one
problemto another

In the third sectionwe have de£nedseveral modelscom-
bining thefour crosseer operatorandwe have testecdtheir
performanceginstthe bestsingleoperatorusingthe same
testproblems. The resultsfrom Table 4 showv thata com-
binedmodelcanbeconsistentlybetterthanary of thesingle
crossw@er operators. Furthertestshave confrmedthat the
combinedbalancedmodel, that choosesbetweenthe four
operatorsn a randomfashionwith equalprobabilitiesfor
eachof them,is alsocapableof generatingolutionsthatare
closerto the optimalone.

We can concludethat a model combiningthe power of
several cross@er operatorss a morerobustchoiceandcan
£ndbettersolutionsundervariouscircumstances..
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